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Abstract
By means of linear theory of elastoplasticity, solutions are given for screw and edge dislocations situated in an isotropic solid.
The force stresses, strain fields, displacements, distortions, dislocation densities and moment stresses are calculated. The force
stresses, strain fields, displacements and distortions are devoid of singularities predicted by the classical elasticity. Using the
so-called stress function method we found modified stress functions of screw and edge dislocations.
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1 Introduction
The traditional description of elastic fields produced by
dislocations is based on the classical theory of linear elas-
ticity. However the classical dislocation theory breaks
down in the dislocation core region. The elastic fields due
to dislocations which are calculated within the theory of
elasticity contain singularities at the centre of the dislo-
cation. This is unfortunate since the dislocation core is
an important region in metallic plasticity and disloca-
tions and failure occur because of the high shear stress
action in this region. Clearly, such singularities are un-
physical and an improved model should eliminate them.
On the other hand, in conventional plasticity theory no
internal length scale enters the constitutive relations and
no size effects are predicted.
A field theory of elastoplasticity is proposed as a means
of describing plastic and elastic deformation even in the
dislocation core. In this theory the elementary acts of
plastic deformation at themicroscopical level are investi-
gated. In fact, the dislocations are considered as elemen-
tary carriers of plasticity. From the field theoretical point
of view, dislocations bring new special degrees of free-
dom (e.g. anholonomity) and their presence leads to a
specific response with the dimension of a moment stress.
In straightforward manner, a new internal characteristic
length scale enters the constitutive relation between the
dislocation density tensor and the moment stress tensor.
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In this dislocation theory it turns out that the force
stresses, elastic and plastic strains, elastic and plastic
distortions and displacement fields due to dislocations
contain no singularities and they are finite. In fact, they
vanish at the centre of dislocations. Moreover, the ex-
tremum stress and strain occur at a short distance away
from the dislocation line.
The plan of the paper is as follows. In Section 2, I present
the basics of the elastoplastic field theory of dislocations.
The non-singular solutions of straight screw and edge
dislocations calculated in the proposed theory of elasto-
plasticity are considered in Section 3 and 4, respectively.
Section 5 concludes the paper.
2 Theory of elastoplasticity
In this Section we discuss how the dislocations can be
described in the frame of field theory of elastoplasticity.
We shall in particular consider such plastic deformations
which originate from the presence of dislocations.
In elastoplasticity the elastic incompatible distortion is
given as [1–4]
βij = ∂jui + φij . (1)
It is an additive decomposition of the elastic distortion
into compatible and purely incompatible distortion. This
decomposition can be justified by the help of the trans-
lational gauge theory of defects [1, 5]. The displacement
field ui gives rise to a compatible distortion and the ten-
sor φij is the proper incompatible part of the distortion.
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Thus, it is not a formal additive decomposition. Note
that the distortion is dimensionless. In elastoplasticity
the linear elastic strain tensor is given by means of the
incompatible distortion tensor as
Eij ≡ β(ij) =
1
2
(
∂iuj + ∂jui + φij + φji
)
, Eij = Eji.
(2)
The (symmetric) force stress is the response quantity
(excitation) with respect to the strain and is given by
the generalized Hooke’s law for an isotropic medium
σij = 2µ
(
Eij +
ν
1− 2ν
δijEkk
)
, σij = σji, (3)
where µ, ν are shear modulus and Poisson’s ration, re-
spectively. The (symmetric) force stress has to satisfy
the force equilibrium condition
∂iσij = 0 = ∂jσij . (4)
The skew-symmetric part of the distortion tensor defines
the elastic rotation of a dislocation [6, 7]
ωi ≡ −
1
2
ǫijkβjk. (5)
The rotation vector gives rise to a rotation gradient (de-
Wit’s bend-twist tensor)
kij = ∂jωi. (6)
The total strain ETij and distortion β
T
ij are defined in
terms of the displacement field ui. They must be com-
patible. In the presence of dislocations, the total strain
is not completely elastic, but a part of it is plastic [6] so
that
ETij ≡ ∂(iuj) = Eij + E
P
ij , (7)
βTij ≡ ∂jui = βij + β
P
ij , β
P
ij ≡ −φij .
HereEPij = −φ(ij) is the plastic strain and β
P
ij the plastic
distortion which are not derivable from the displacement
field when the plastic strain is incompatible. In perform-
ing the differentiations of the displacement ui we ob-
tain the elastic distortion βij plus excess terms which we
identify with the plastic distortion βPij . We notice that
this decomposition of ETij is close to the Green-Naghdi
decomposition (see [8]).
The dislocation density tensor is defined by means of the
distortion tensor
Tijk := ∂jβik − ∂kβij = ∂jφik − ∂kφij , Tijk = −Tikj ,
(8)
and
Tijk = −∂jβ
P
ik + ∂kβ
P
ij . (9)
Physically, the incompatible distortion corresponds to
dislocations. The dislocation density tensor has the di-
mension of an inverse length. It is a fundamental quan-
tity in plasticity because the dislocation is the elemen-
tary carrier of plasticity. The usual dislocation density
tensor αij is recovered by (see also [9])
αij :=
1
2
ǫjklTikl = ǫjkl∂kβil = −ǫjkl∂kβ
P
il . (10)
Here the index i indicates the direction of the Burgers
vector, j the dislocation line direction. Thus, the diago-
nal components of αij represent screw dislocations, the
off-diagonal components edge dislocations. In this ap-
proach the dislocation density is not given a priori as a
delta function. It follows from the physics of the prob-
lem. Eqs. (9) and (10) justify the identification of −φij
with the plastic distortion. The dislocation density ten-
sor satisfies the translational Bianchi identity
∂jαij = 0, (11)
which means that dislocations do not end inside the
medium.
The moment stress which is the response quantity (ex-
citation) to the dislocation density is given by (see [4])
Hijk =
a1
2
(
Tijk − Tjki − Tkij (12)
+
2ν
1− ν
(
δijTllk + δikTljl
))
,
Hijk = −Hikj
or with Hij =
1
2ǫjklHikl
Hij = a1
{
1
1− ν
αij −
ν
1− ν
αji −
1
2
δijαkk
}
. (13)
Obviously, (12) and (13) are (linear) constitutive rela-
tions between dislocation density and moment stress in
an isotropic medium. The coefficient a1 has the dimen-
sion of a force.
The field equation in elastoplasticity for the force stress
in an isotropic medium is proposed as the following in-
homogeneous Helmholtz equation [4]
(
1− κ−2∆
)
σij =
◦
σij , κ
2 =
2µ
a1
, (14)
where
◦
σij is the stress tensor obtained for the same trac-
tion boundary-value problem within the “classical” the-
2
ory of dislocations. In the field theory of elastoplastic-
ity Eq. (14) is obtained from the moment stress equilib-
rium condition (see [4]). It is important to note that (14)
agrees with the field equation for the stress field in Erin-
gen’s nonlocal elasticity [10, 11] and in gradient elastic-
ity [12]. The factor κ−1 has the physical dimension of a
length and therefore it defines an internal characteristic
length (dislocation length scale). Using the inverse of the
generalized Hooke’s law and (14) we obtain an inhomo-
geneous Helmholtz equation for the strain fields (see [4])
(
1− κ−2∆
)
Eij =
◦
Eij , (15)
where
◦
Eij is the classical strain tensor. Equation (15) is
similar to the equation for strain of the gradient theory
used by Gutkin and Aifantis [12–14] if we identify κ−2
with their corresponding gradient coefficient (see, e.g.,
equation (4) in [12]). From the fact that the field equa-
tion of the force stress (14) has the same form in elasto-
plastic field theory, strain gradient elasticity and nonlo-
cal elasticity some relations for the corresponding solu-
tions will follow. We assume that the stress and strain
fields at infinity should have the same form for both the
classical and elastoplastic field theory.
3 Screw dislocation in elastoplasticity
Consider an infinitely long screw dislocationwhose dislo-
cation line coincides with the z-axis of a Cartesian coor-
dinate system. Due to the symmetry of the problem, we
choose the Burgers vector, which is parallel to the dislo-
cation line, in z-direction: bx = by = 0, bz = b. We solve
the force stress equilibrium condition (4) identically by
a so-called stress function ansatz. Using the stress func-
tion ansatz [9, 15, 16] the elastic stress of a Volterra screw
dislocation, in Cartesian coordinates, reads
◦
σxz =
◦
σzx = −∂yΦ = −
µb
2π
y
r2
,
◦
σyz =
◦
σzy = ∂xΦ =
µb
2π
x
r2
, (16)
or, in cylindrical coordinates,
◦
σzϕ =
◦
σϕz = ∂rΦ =
µb
2πr
, (17)
where r2 = x2 + y2 and ϕ = arctan y/x. Here, Φ is
the well-known stress function of elastic torsion, some-
times called Prandtl’s stress function. It is given by (see,
e.g., [9])
Φ =
µb
2π
ln r. (18)
This is Green’s function of the two-dimensional potential
equation
∆Φ = µb δ(r). (19)
Here δ(r) is the two-dimensional Dirac delta function
and ∆ denotes the two-dimensional Laplacian ∂2xx+∂
2
yy.
Obviously, the “classical” stress fields are singular at
the dislocation line. For the modified stress we make the
ansatz
σij =


0 0 −∂yF
0 0 ∂xF
−∂yF ∂xF 0

 , (20)
where F is called the modified Prandtl stress function.
Substituting the stress functions into (14), we get the
following inhomogeneous Helmholtz equation
(
1− κ−2∆
)
F =
µb
2π
ln r. (21)
The solution of the modified stress function of a screw
dislocation is given by
F =
µb
2π
{
ln r +K0(κr)
}
, (22)
where Kn is the modified Bessel function of the second
kind and of order n. Consequently, we find the force
stresses
σxz = −
µb
2π
y
r2
{
1− κrK1(κr)
}
,
σyz =
µb
2π
x
r2
{
1− κrK1(κr)
}
, (23)
and in cylindrical coordinates
σϕz =
µb
2π
1
r
{
1− κrK1(κr)
}
. (24)
The appearance of the modified Bessel function in (23)
and (24) leads to the elimination of classical singular-
ity ∼ r−1 at the dislocation line. The modified stress
field (23) agrees with the stress field calculated by Erin-
gen [10, 11] within his version of nonlocal elasticity.
Additionally, it is interesting to note that the stress
field (23) is the same as the one obtained by Gutkin and
Aifantis [12] in their version of gradient elasticity. The
stress σyz has its extreme value |σyz(x, 0)| ≃ 0.399κ
µb
2pi
at |x| ≃ 1.114κ−1, whereas the stress σxz has its ex-
treme value |σxz(0, y)| ≃ 0.399κ
µb
2pi at |y| ≃ 1.114κ
−1.
We notice that the extremum stress may be identified
with the theoretical shear strength. The factor κ should
be fitted by comparing predictions of the theory with
experimental results. In general, the parameter κ can
3
be used to determine the width of a dislocation and the
amplitude of the force stress.
Let us now calculate the distortion of a screw dislocation.
The distortion βij is given in terms of the stress function
βij =
1
2µ


0 0 −∂yF + 2µω1
0 0 ∂xF − 2µω2
−∂yF − 2µω1 ∂xF + 2µω2 0

 ,
(25)
where the two functions ω1 and ω2 are used to express
the antisymmetric part of the distortion (β[xz] ≡ ω1 and
β[yz] ≡ −ω2). Eventually,ω1 and ω2 are determined from
the conditions
αxy = Txzx = −
1
2µ
∂x
(
2µω1 − ∂yF
)
≡ 0,
αyx = Tyyz = −
1
2µ
∂y
(
2µω2 − ∂xF
)
≡ 0. (26)
One finds for the distortion tensor of the screw disloca-
tion
βzx = −
b
2π
y
r2
{
1− κrK1(κr)
}
,
βzy =
b
2π
x
r2
{
1− κrK1(κr)
}
, (27)
and for elastic rotation vector
ωx ≡ ω2 =
b
4π
x
r2
{
1− κrK1(κr)
}
,
ωy ≡ ω1 =
b
4π
y
r2
{
1− κrK1(κr)
}
. (28)
The rotation vector is in agreement with the result cal-
culated in the Cosserat theory [17]. The incompatible
elastic strain reads
Exz = −
b
4π
y
r2
{
1− κrK1(κr)
}
,
Eyz =
b
4π
x
r2
{
1− κrK1(κr)
}
. (29)
Bymeans of the distortion tensor (27) the effective Burg-
ers vector, bi(r) =
∮
γ
βijdxj , for a circular circuit of ra-
dius r is given by
bz(r) =
∮
γ
(
βzxdx+ βzydy
)
= b
{
1− κrK1(κr)
}
,
(30)
where γ is the Burgers circuit. It depends on the radius
r. In fact, we find bz(0) = 0 and bz(∞) = b. This effec-
tive Burgers vector differs appreciably from the constant
value b in the core region from r = 0 up to r ≃ 6κ−1.
Thus, it is suggestive to take rc ≃ 6κ
−1 as the character-
istic length (dislocation core radius). Therefore, in the
field theory of elastoplasticity the dislocation has a core
in quite natural manner. Outside this core region the
Burgers vector reaches its constant value. Accordingly,
the classical and the elastoplastic solution coincide out-
side the core region.
If we use the decomposition (1) of the distortion into
the compatible and purely incompatible distortion, the
displacement field of a screw dislocation turns out to be
(see also [18])
uz =
b
2π
(
1− κrK1(κr)
)
ϕ, (31)
where ϕ is multi-valued. Thus, the proper incompatible
part of the distortion is the (negative) plastic distortion
which is confined in the dislocation core region
φzx = −
bκ2
2π
xϕK0(κr), φzy = −
bκ2
2π
yϕK0(κr).
(32)
It fulfils Eq. (10). The plastic strain reads
EPzx = −
1
2
φzx, E
P
zy = −
1
2
φzy . (33)
Now we are able to calculate the dislocation density by
means of the distortion tensor. We obtain
αzz = Tzxy =
1
µ
∆F =
bκ2
2π
K0(κr). (34)
Of course, this dislocation density satisfies the condi-
tion (11). In the limit as κ−1 → 0, the elastoplastic
result (34) converts to the classical dislocation density
αzz = b δ(r). By the help of (13) the localised moment
stresses caused by the screw dislocation can be expressed
in terms of the dislocation density as
Hxx = −
µb
2π
K0(κr), Hyy = −
µb
2π
K0(κr),
Hzz =
µb
2π
K0(κr), (35)
and
Hkk = −
µb
2π
K0(κr). (36)
Accordingly, moment stresses of twisting-type occur at
all positions where the dislocation density αzz is non-
vanishing. When κ−1 → 0, the moment stresses vanish.
4
The far-reaching rotation gradients of a screw disloca-
tion read
kxx=
b
4πr4
{(
y2 − x2
)(
1− κrK1(κr)
)
+κ2x2r2K0(κr)
}
,
kyy=
b
4πr4
{(
x2 − y2
)(
1− κrK1(κr)
)
+κ2y2r2K0(κr)
}
,
kxy = −
b
4πr4
xy
{
2
(
1− κrK1(κr)
)
− κ2r2K0(κr)
}
,
kyx = kxy,
kjj =
1
2
αzz . (37)
They are in agreement with the expressions calculated
within the theory of Cosserat media (see [19–21]).
4 Edge dislocation in elastoplasticity
Consider an infinitely long edge dislocation whose dis-
location line coincides with the z-axis while the Burgers
vector is parallel to the x-axis: bx = b, by = bz = 0. The
extra half plane lies in the plane x = 0. In order to sat-
isfy the equilibrium condition (4) we use the second or-
der stress function f and specialize to the plane problem
of an edge dislocation by setting ∂z ≡ 0. The classical
stress field of a straight edge dislocation can be given in
terms of Airy’s stress function according to
◦
σij =


∂2yyχ −∂
2
xyχ 0
−∂2xyχ ∂
2
xxχ 0
0 0 ν∆χ

 . (38)
Airy’s stress function [9, 15]
χ = −Ay ln r, A =
µb
2π(1− ν)
, (39)
fulfils the following inhomogeneous bipotential (or bi-
harmonic) equation
∆∆χ = −4πA∂yδ(r). (40)
For themodified stress wemake the following stress func-
tion ansatz
σij =


∂2yyf −∂
2
xyf 0
−∂2xyf ∂
2
xxf 0
0 0 ν∆f

 . (41)
In addition, the strain is given in terms of the stress
function as
Eij =
1
2µ


∂2yyf − ν∆f −∂
2
xyf 0
−∂2xyf ∂
2
xxf − ν∆f 0
0 0 0

 . (42)
Substituting (41) and (38) into (14) we get the inhomo-
geneous Helmholtz equation
(
1− κ−2∆
)
f = −Ay ln r. (43)
The solution of the modified stress function of a straight
edge dislocation is given by [4]
f = −
µb
2π(1− ν)
y
{
ln r +
2
κ2r2
(
1− κrK1(κr)
)}
,
(44)
where the first piece is Airy’s stress function.
By means of Eqs. (41) and (44), the modified stress of a
straight edge dislocation is given as
σxx = −
µb
2π(1− ν)
y
r4
{(
y2 + 3x2
)
+
4
κ2r2
(
y2 − 3x2
)
− 2y2κrK1(κr) − 2
(
y2 − 3x2
)
K2(κr)
}
,
σyy = −
µb
2π(1− ν)
y
r4
{(
y2 − x2
)
−
4
κ2r2
(
y2 − 3x2
)
− 2x2κrK1(κr) + 2
(
y2 − 3x2
)
K2(κr)
}
,
σxy =
µb
2π(1− ν)
x
r4
{(
x2 − y2
)
−
4
κ2r2
(
x2 − 3y2
)
− 2y2κrK1(κr) + 2
(
x2 − 3y2
)
K2(κr)
}
,
σzz = −
µbν
π(1− ν)
y
r2
{
1− κrK1(κr)
}
. (45)
The trace of the stress tensor σkk produced by the edge
dislocation in an isotropic medium is
σkk = −
µb(1 + ν)
π(1 − ν)
y
r2
{
1− κrK1(κr)
}
. (46)
Let us now discuss some details of the stress fields in
the core region. The stress fields have no artificial sin-
gularities at the core and the extremum stress occurs at
a short distance away from the dislocation line. In fact,
when r→ 0, we have
K1(κr)→
1
κr
, K2(κr)→ −
1
2
+
2
(κr)2
, (47)
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and thus σij → 0. It can be seen that the stresses
have the following extreme values: |σxx(0, y)| ≃
0.546κ µb2pi(1−ν) at |y| ≃ 0.996κ
−1, |σyy(0, y)| ≃ 0.260κ
µb
2pi(1−ν) at |y| ≃ 1.494κ
−1, |σxy(x, 0)| ≃ 0.260κ
µb
2pi(1−ν)
at |x| ≃ 1.494κ−1, and |σzz(0, y)| ≃ 0.399κ
µbν
pi(1−ν) at
|y| ≃ 1.114κ−1. The stresses σxx, σyy and σxy are mod-
ified near the dislocation core (0 ≤ r ≤ 12κ−1). Note
that |σxy(x, 0)| ≃ 0.260κ
µb
2pi(1−ν) can be identified with
the theoretical shear strength. The stresses σzz and σkk
are modified in the region: 0 ≤ r ≤ 6κ−1. Far from the
dislocation line (r ≫ 12κ−1) the elastoplastic and the
classical solutions of the stress of an edge dislocation
coincide. Thus, the characteristic internal length κ−1
determines the position and the magnitude of the stress
extrema. It is interesting and important to note that the
solution (45) agrees precisely with the gradient solution
given by Gutkin and Aifantis [12] (with κ−2 = c, c is
the gradient coefficient).
For the elastic strain of an edge dislocation we find
Exx=−
b
4π(1− ν)
y
r2
{
(1− 2ν) +
2x2
r2
+
4
κ2r4
(
y2 − 3x2
)
− 2
(
y2
r2
− ν
)
κrK1(κr) −
2
r2
(
y2 − 3x2
)
K2(κr)
}
,
Eyy=−
b
4π(1− ν)
y
r2
{
(1 − 2ν)−
2x2
r2
−
4
κ2r4
(
y2 − 3x2
)
− 2
(
x2
r2
− ν
)
κrK1(κr) +
2
r2
(
y2 − 3x2
)
K2(κr)
}
,
Exy =
b
4π(1 − ν)
x
r2
{
1−
2y2
r2
−
4
κ2r4
(
x2 − 3y2
)
−
2y2
r2
κrK1(κr) +
2
r2
(
x2 − 3y2
)
K2(κr)
}
, (48)
which is in agreement with the solution given by Gutkin
and Aifantis [12, 14] in the framework of strain gra-
dient elasticity. The plane-strain condition Ezz = 0
of the classical dislocation theory is valid. The com-
ponents of the strain tensor have the following ex-
treme values (ν = 0.3): |Exx(0, y)| ≃ 0.308κ
b
4pi(1−ν)
at |y| ≃ 0.922κ−1, |Eyy(0, y)| ≃ 0.010κ
b
4pi(1−ν)
at |y| ≃ 0.218κ−1, |Eyy(0, y)| ≃ 0.054κ
b
4pi(1−ν) at
|y| ≃ 4.130κ−1, and |Exy(x, 0)| ≃ 0.260κ
b
4pi(1−ν) at
|x| ≃ 1.494κ−1. It is interesting to note that Eyy(0, y) is
much smaller than Exx(0, y) within the core region (see
also [12]). The dilatation Ekk reads
Ekk = −
b(1− 2ν)
2π(1− ν)
y
r2
{
1− κrK1(κr)
}
. (49)
Now we calculate the distortion of an edge dislocation.
The distortion βij is given in terms of the stress func-
tion (44):
βij =
1
2µ


∂2yyf − ν∆f −∂
2
xyf + 2µω 0
−∂2xyf − 2µω ∂
2
xxf − ν∆f 0
0 0 0

 , (50)
where ω is used to express the antisymmetric part of the
distortion, ω ≡ β[xy]. Eventually, ω is determined from
the conditions:
αxz = Txxy =
1
2µ
(
2µ∂xω − (1− ν)∂y∆f
)
,
αyz = Tyxy =
1
2µ
(
2µ∂yω + (1− ν)∂x∆f
)
≡ 0. (51)
We find for the elastic distortion of the edge dislocation
βxx=−
b
4π(1− ν)
y
r2
{
(1− 2ν) +
2x2
r2
+
4
κ2r4
(
y2 − 3x2
)
− 2
(
y2
r2
− ν
)
κrK1(κr)−
2
r2
(
y2 − 3x2
)
K2(κr)
}
,
βxy=
b
4π(1− ν)
x
r2
{
(3− 2ν)−
2y2
r2
−
4
κ2r4
(
x2 − 3y2
)
− 2
(
(1− ν) +
y2
r2
)
κrK1(κr) +
2
r2
(
x2 − 3y2
)
K2(κr)
}
,
βyx=−
b
4π(1− ν)
x
r2
{
(1− 2ν) +
2y2
r2
+
4
κ2r4
(
x2 − 3y2
)
− 2
(
(1 − ν)−
y2
r2
)
κrK1(κr) −
2
r2
(
x2 − 3y2
)
K2(κr)
}
,
βyy=−
b
4π(1− ν)
y
r2
{
(1− 2ν)−
2x2
r2
−
4
κ2r4
(
y2 − 3x2
)
− 2
(
x2
r2
− ν
)
κrK1(κr) +
2
r2
(
y2 − 3x2
)
K2(κr)
}
,
(52)
and for the rotation
ωz ≡ −ω = −
b
2π
x
r2
{
1− κrK1(κr)
}
. (53)
Eq. (53) is in agreement with the rotation vector calcu-
lated in the linear theory of dislocations in the Cosserat
continuum [17]. The far fields of (52)–(53) are identical
to the classical ones given in [7].
Now we decompose the elastic distortion (52) into its
compatible and purely incompatible part by the help of
Eq. (1). Again, wemay interpret the proper incompatible
part as the negative plastic distortion. In components it
6
reads
φxx = −
bκ2
2π
xϕK0(κr), φxy = −
bκ2
2π
yϕK0(κr).
(54)
Of course, it fulfils Eq. (10). This proper incompatible
distortion is exactly the same as φzx and φzy of a screw
dislocation (see Eq. (32)). The appearance of such proper
incompatible distortion is a typical result in elastoplas-
ticity. The plastic strain reads
EPxx = −φxx, E
P
xy = −
1
2
φxy. (55)
The corresponding compatible part can be given in terms
of a multi-valued displacement field
ux =
b
2π
{(
1− κrK1(κr)
)
ϕ
+
1
2(1− ν)
xy
r2
(
1−
4
κ2r2
+ 2K2(κr)
)}
. (56)
The core radius of the edge dislocation can be estimated
as rc ≃ 6κ
−1. Additionally, we find from the distortion
the incompatible part
φyx = φyy = 0, (57)
and a single-valued displacement field
uy = −
b
4π(1− ν)
{
(1− 2ν)
(
ln r +K0(κr)
)
+
x2 − y2
2r2
(
1−
4
κ2r2
+ 2K2(κr)
)}
. (58)
This means that βyx and βyy are proper compatible dis-
tortions. Therefore, the field uy agrees (up to a con-
stant term) with the corresponding formula in gradient
elasticity (see [12, 14]). The displacement field uy dif-
fers from the classical one in the region 0 ≤ r ≤ 12κ−1.
In the framework of elastoplasticity the displacement
fields (56) and (58) have no singularity. Therefore, these
displacement fields can be used to model the dislocation
core. In this way, one can estimate the displacements,
elastic strains and stresses near the dislocation cores and
compare them with HRTEM micrographs and atomic
calculations. The far fields of the displacements (56) and
(58) are identical to the classical ones (see, e.g., [16]). It
is worth noting that within the Peierls-Nabarro disloca-
tion model the displacement uy is identically zero.
Finally, the effective Burgers vector of the edge disloca-
tion can be calculated as
bx(r) =
∮
γ
(
βxxdx+ βxydy
)
= b
{
1− κrK1(κr)
}
.
(59)
Again, we find bx(0) = 0 and bx(∞) = b. The effective
Burgers vector bx(r) differs from the constant Burgers
vector b in the region 0 ≤ r ≤ 6κ−1. Therefore, the
core radius can be taken as rc ≃ 6κ
−1. For the value
of κ−1 = 0.25a the core radius is rc = 1.5a and for the
value of κ−1 = 0.399a the core radius is rc = 2.4a (a
is the lattice constant). Note that the effective Burgers
vector bx(r) of an edge dislocation has the same form as
the effective Burgers vector bz(r) of a screw dislocation
(see Eq. (30)).
The proper incompatible part of the elastic distortion
gives rise to a localized dislocation density and moment
stress tensor. We find for the dislocation density of an
edge dislocation
αxz = Txxy =
bκ2
2π
K0(κr) (60)
which satisfies the translational Bianchi identity (11).
The dislocation density is short-reaching. It is interest-
ing to note that the dislocation density of an edge dis-
location has the same form as the dislocation density
αzz of a screw dislocation (see Eq. (34)). In the limit as
κ−1 → 0, the elastoplastic result (60) converts to the
classical dislocation density αxz = b δ(r). The localized
moment stress of bending type is given by the help of (13)
according to
Hxz =
µb
π(1 − ν)
K0(κr), Hzx = −
µbν
π(1− ν)
K0(κr).
(61)
This expression is very close to the moment stress of
an edge dislocation given in [22] (see also the remarks
in [23]).
DeWit’s bend-twist tensor of an edge dislocation reads
kzx =
b
2πr4
{(
x2 − y2
)(
1− κrK1(κr)
)
− κ2x2r2K0(κr)
}
,
kzy =
b
2πr4
xy
{
2
(
1− κrK1(κr)
)
− κ2r2K0(κr)
}
.
(62)
It is in agreement with the expression calculated in the
theory of Cosserat media (see [19, 20]).
5 Conclusions
The field theory of elastoplasticity has been employed to
consider straight screw and edge dislocations. The dislo-
cation densities of straight screw and edge dislocations
obtained in elastoplastic field theory agree with Erin-
gen’s two-dimensional nonlocal modulus (nonlocal ker-
nel) used in [10, 11]. Consequently, every component of
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the dislocation density tensor is Green’s function of the
Helmholtz equation:
(
1− κ−2∆
)
αij(r) = b δ(r). (63)
The characteristic internal length in elastoplasticity is
κ−1. This length may be selected to be proportional to
the lattice parameter a for a single crystal, i.e.
κ−1 = e0 a, (64)
where e0 is a non-dimensional constant which can be de-
termined by one experiment [11]. For e0 = 0 we recover
classical elasticity. In [10, 11] the choice e0 = 0.399 and
in [24] the choice e0 = 0.25 are proposed. That length
specifies the plastic region and should be estimated by
means of experimental observations and computer sim-
ulations of the core region.
Exact analytical solutions for the displacements, elastic
and plastic strain fields, and force stresses of dislocations
have been reportedwhich demonstrate the elimination of
any singularity at the dislocation line. It has been shown
that the force stresses achieve their extreme values at
a short distance away from the dislocation line. There-
fore, we are able to obtain finite strain and stress in the
(linear) field theory of elastoplasticity. These maximum
values may serve as measures of the critical stress level of
fracture. The stress fields are in agreement with the ones
obtained by Gutkin and Aifantis [12]. Additionally, we
have calculated the moment stresses and deWit’s bend-
twist tensor for straight screw and edge dislocations.
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A Single-valued, discontinuous displacement
and (plastic) distortion
In the expressions given by (31), (32), (54) and (56) we
have considered ϕ as a multi-valued field. On the other
hand, in the defect theory [7, 12–14] ϕ is usually used
as single-valued and discontinuous function. It is made
unique by cutting the half-plane y = 0 at x < 0 and
assuming ϕ to jump from π to−π when crossing the cut.
If one uses the single-valued discontinuous form for ϕ,
we obtain [4] for the screw dislocation
uz =
b
2π
{
ϕ
(
1− κrK1(κr)
)
+
π
2
sign(y)κrK1(κr)
}
,
(A.1)
with
φzx = −
b
2π
κ2xK0(κr)
(
ϕ−
π
2
sign(y)
)
,
φzy = −
b
2π
{
κ2yK0(κr)
(
ϕ−
π
2
sign(y)
)
+ πδ(y)
(
1− sign(x)
[
1− κrK1(κr)
])}
, (A.2)
and for the edge dislocation
ux =
b
2π
{
ϕ
(
1− κrK1(κr)
)
+
π
2
sign(y)κrK1(κr)
+
1
2(1− ν)
xy
r2
(
1−
4
κ2r2
+ 2K2(κr)
)}
,
uy = −
b
4π(1− ν)
{
(1− 2ν)
(
ln r +K0(κr)
)
+
x2 − y2
2r2
(
1−
4
κ2r2
+ 2K2(κr)
)}
, (A.3)
with
φxx = −
b
2π
κ2xK0(κr)
(
ϕ−
π
2
sign(y)
)
, (A.4)
φxy = −
b
2π
{
κ2yK0(κr)
(
ϕ−
π
2
sign(y)
)
+ πδ(y)
(
1− sign(x)
[
1− κrK1(κr)
])}
,
φyx = φyy = 0.
For a more detailed discussion see [4].
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